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We study the creation and entanglement of quasiparticle pairs due to a periodic variation of the
mode frequencies of a homogeneous quantum system. Depending on the values of the parameters
describing the periodic modulation, the number of created pairs either oscillates or, in a narrow
resonant frequency interval, grows exponentially in time. For a system initially in a thermal state,
we determine in which cases the final state is quantum mechanically entangled, i.e., where the
bipartite state is nonseparable. We include some weak dissipation, expected to be found in any
experimental setup, and study the corresponding reduction of the quantum entanglement. Our
findings are used to interpret the results of two recent experiments.
PACS numbers: 03.70.+k, 03.75.Gg, 67.85.De, 71.36.+c
I. INTRODUCTION
It is well known that a sudden change occurring in
a system, be it an expanding universe [1–4], a Bose-
Einstein condensate [5, 6], or a superconducting cir-
cuit [7–9], induces a parametric amplification of linear
density perturbations. In quantum settings, this amplifi-
cation implies the production of pairs of (quasi-)particles,
and if the system is homogeneous the two particles have
opposite wave vectors k so that the total momentum is
conserved. It is also known that these pairs are maxi-
mally entangled when the system is initially in its vac-
uum state [10]. If instead the initial state is populated
in an incoherent manner – as is the case in a thermal
bath – the stimulated effects tend to reduce the quan-
tum entanglement [11–13]. A similar reduction in coher-
ence occurs when the system is coupled to an external
environment [12, 14–17].
The loss of quantum entanglement can be precisely
characterized by using the mean occupation number
nk
.
= Tr[ρˆbˆ†kbˆk] and the complex correlation term ck
.
=
Tr[ρˆbˆ−kbˆk], where ρˆ is the density operator of the system
and bˆ†k and bˆk are, respectively, the creation and destruc-
tion operators of a quasiparticle of momentum k. In fact,
whenever
∆k
.
= nk − |ck| , (1)
is negative, the state of the bipartite k,−k system is
said to be nonseparable [18, 19]: The quasiparticles are
so strongly correlated that the statistical properties of
the system cannot be described by a classical stochastic
ensemble. See Refs. [12, 14, 16] for a presentation and
use of these concepts. As explained in these references,
the criterion ∆k < 0 is sufficient to get nonseparability
in the general case. It is also a necessary condition for
homogeneous, isotropic, and Gaussian states.
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While entanglement and nonseparability are well es-
tablished in theory, it is only recently that they have
become experimentally accessible in the present context
of pair creation due to a temporal change. The main dif-
ficulties arise from the weakness of the pair creation rate,
and in making sufficiently precise measurements of |ck|
and nk to be able to assert nonseparability. There have
been two recent experiments able to test the condition
∆k < 0: first using an atomic BEC [20] and second, in
a Josephson metamaterial [8]. Interestingly, in the first
case, the condition was not met, while it was met in the
second. In both cases, the experimental teams used a pe-
riodic modulation of some parameter over an extended
period of time. (See also Ref. [7] for an earlier experi-
ment, and Ref. [6] for an earlier theoretical study of such
a modulation.) The advantage of this method over a sin-
gle sudden change is that, even though the creation rate
may be small, it could conceivably engender a very large
pair production if the modulation lasts long enough. In-
deed, when the frequency ωk of a pair is close to half
of the modulation frequency ωp/2, the number of such
created pairs increases exponentially with the duration
of the modulation (for bosonic excitations).
In this paper we study theoretically the reaction of a
system to a long-lasting modulation with the aim of un-
derstanding under which conditions the final state will be
nonseparable. As in the case of a sudden change [11, 12],
the sign of the parameter ∆k of Eq. (1) is fixed by only
two quantities: |βask |, the magnitude of the asymptotic
Bogoliubov coefficient which governs the spontaneous ef-
fects and reduces the value of ∆k, and the initial mean
occupation number of incoherent quanta nk,in which gov-
erns the induced effects and increases ∆k. The behavior
of |βask | is non trivial, its value being fixed in a convoluted
way by several parameters describing the modulation. As
far as we know, the aspects of the system associated to
the behavior of |βask | are as yet unstudied.
Our paper is organized as follows. In Sec. II we present
the basic equations governing the time evolution of the
modes of a homogeneous system in response to an ar-
bitrary modulation in time; this response is character-
ized by the time dependent Bogoliubov coefficients, from
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2which the mean occupation number and the separability
parameter of Eq. (1) are derived. In Sec. III we introduce
a particular modulation, i.e., a sinusoidal oscillation of
the mode frequencies, and the parameters that describe
it, before a numerical investigation of the dependence of
the final state of the system (its particle content and its
degree of entanglement) on these parameters. (The prop-
erties of the Bogoliubov coefficients observed in Sec. III
are derived analytically in Appendix A.) In Sec. IV (with
further details in Appendix B) we show how to incorpo-
rate weakly dissipative effects into the picture. The paper
concludes with Sec. V.
II. TIME-DEPENDENCE IN HOMOGENEOUS
MEDIA
In this section we consider the effects of time depen-
dence on a quantum system. While the nature of the time
dependence is left unspecified, we shall restrict our atten-
tion to homogeneous media, allowing the entire analysis
to be done at fixed wave vector k. As a result, the di-
mensionality of the system drops out, and need not be
specified. To fix the notation and the concepts, we shall
work in an atomic Bose condensate [20, 21]. However,
the following analysis is easily adapted to other media,
such as polariton systems [22] and Josephson metamate-
rials [7, 8]. It is also applicable to pair creation in cos-
mological models, such as primordial inflation [2, 3]; in
particular, the time variation we shall study in Sec. III
is very similar to that occurring during the preheating
phase at the end of inflation [4].
A. Equations of motion
In a condensed dilute gas, linear density perturbations
obey the Bogoliubov-de Gennes equation [21]. At fixed
k, in units where ~ = 1, one obtains (see, e.g., [12])
i∂tφˆk = Ωkφˆk +mc
2φˆ†−k, (2)
where m is the atom mass, Ωk
.
= k
2
2m + mc
2, and c is
the low-frequency speed of sound1. As in Refs. [23, 24],
we shall describe Eq. (2), as well as its corresponding
Hermitian conjugate equation with k→ −k, as a matrix
equation:
i∂t
[
φˆk
φˆ†−k
]
=
[
Ωk mc
2
−mc2 −Ωk
]
×
[
φˆk
φˆ†−k
]
. (3)
1 In a homogeneous polariton system with coherent pumping, one
obtains a similar equation for quasiparticle excitations of the
lower branch with Ωk =
k2
2m
− ωp + E0 + 2mc2, where m is the
effective mass of the photons, ωp is the pump frequency, and E0
is the rest energy (see Ref. [17]).
To clearly identify the effects that are due to a temporal
change of Ωk or c, we perform the standard Bogoliubov
transformation[
ϕˆk
ϕˆ†−k
]
=
[
uk vk
vk uk
]
×
[
φˆk
φˆ†−k
]
, (4)
where uk and vk are given by
uk
.
=
√
Ωk +mc2 +
√
Ωk −mc2
2
√
ωk
,
vk
.
=
√
Ωk +mc2 −
√
Ωk −mc2
2
√
ωk
(5)
and the frequency ωk is given by
ω2k
.
= Ω2k −m2c4. (6)
When Ωk and/or c vary in time, so too do uk, vk, and
ωk via Eqs. (5) and (6). Using the fact that u
2
k − v2k = 1,
straightforward algebraic manipulation leads to the fol-
lowing equation of motion2 for the Bogoliubov operators3
ϕk and ϕˆ
†
−k:
i∂t
[
ϕˆk
ϕˆ†−k
]
=
[
ωk i
u˙k
vk
i u˙kvk −ωk
]
×
[
ϕˆk
ϕˆ†−k
]
, (7)
where u˙k = ∂tuk.
In stationary systems, one recovers the standard diag-
onal matrix governed by ωk. In that case, the fields are
trivially related to the (canonical) phonon creation and
annihilation operators bˆ†−k and bˆk, obeying [bˆk, (bˆk′)
†] =
δ(k− k′), by[
ϕˆk
ϕˆ†−k
]
=
[
e−iωkt
0
]
bˆk +
[
0
eiωkt
]
(bˆ−k)†. (8)
When the system is stationary for asymptotic early times,
the initial operators bˆink and (b
in
−k)
† are well defined and
related at early times to the field operators by the above
equation. The same is true when the system becomes
stationary for asymptotic late times, where the late be-
havior of the fields ϕk and ϕˆ
†
−k defines the final operators
bˆoutk and (b
out
−k)
†. Then, because the field equation is lin-
ear, the two sets of asymptotic operators are related by
an overall Bogoliubov transformation
bˆoutk = α
as
k bˆ
in
k + (β
as
k )
∗(bˆin−k)
†, (9)
2 Equation (7) is very similar to the equation governing the pho-
ton field in a cavity of modulated Josephson metamaterial in
Ref. [8], although due to the stationarity of that inhomogeneous
system (in a rotating frame), the correlations are between oppo-
site frequencies rather than opposite wave vectors.
3 Note that, as in Ref. [12], we could also have considered χˆk ∝
φˆk + φˆ
†
−k which obeys
[
∂2t + ω
2
k(t)
]
χˆk = 0. For a sinusoidal
modulation of ω2k(t), this is (up to a coordinate transformation)
the Mathieu equation [25], which also plays a role in preheating
cosmological scenarios [4].
3where the requirement that both the initial and final
operators satisfy the bosonic commutation relations im-
poses the condition |αask |2 − |βask |2 = 1.
The asymptotic in operators define a two-component
mode W ink (t) via the commutator
W ink (t)
.
=
[ [
ϕˆk(t), (b
in
k )
†]
[ϕˆ†−k(t), (b
in
k )
†]
]
. (10)
To simplify the notation, we shall no longer write the
subscript k since all equations shall be defined for a fixed
value of k = |k|. Equation (10) implies that the mode
doublet W in(t) is the solution of Eq. (7) with initial con-
ditions W in ∼
t→−∞
[
e−iωt
0
]
. For large times it behaves
as
W in ∼
t→+∞
[
αase−iωt
βaseiωt
]
. (11)
Following the standard method [26] to evaluate the Bo-
goliubov coefficients αas and βas, we introduce the func-
tions α(t) and β(t) through the expression
W in(t) =
[
α(t) e−i
∫ t ωdt′
β(t) ei
∫ t ωdt′
]
. (12)
By definition, their initial values are 1 and 0, and their
late-time values coincide (up to a phase) with αas and
βas. They obey the first-order coupled equations
∂tα =
u˙
v
e2i
∫
ωdtβ,
∂tβ =
u˙
v
e−2i
∫
ωdtα.
(13)
One then verifies that the zeroth order solution, i.e., con-
stant values for α and β, corresponds to the WKB ap-
proximation. One also verifies that corrections are asso-
ciated with nonadiabatic transitions, and are here inter-
preted as creation of phonon pairs with opposite wave
vectors.
It is interesting to notice that
u˙
v
=
ω˙
2ω
− ∂t(Ω−mc
2)
2(Ω−mc2) . (14)
In the following, we shall assume that Ω−mc2 is constant,
or equivalently that the mass m is constant.4 In this
case, the Bogoliubov coefficients are governed solely by
the time evolution of ω.
4 Note that this is not necessarily true in some systems, such as
polaritons or atoms on a lattice, as pointed out to us by C. West-
brook [27].
B. Occupation number and nonseparability
When the initial quasiparticle state is incoherent, ho-
mogeneous, isotropic, and Gaussian, it is fully governed
by the mean occupation number nin, since the initial co-
herence cin vanishes. When the time dependent pertur-
bation preserves the homogeneity, the final state is still
Gaussian, homogeneous, and fully governed by
nout = |βas|2 + nin
[
|αas|2 + |βas|2
]
, (15a)
cout = α
as (βas)
∗
+ nin
[
2αas (βas)
∗]
. (15b)
The first terms of these equations give the contributions
of spontaneous effects, whereas the second, proportional
to nin, arise from induced effects.
As explained in the Introduction, the final state is non-
separable whenever nout − |cout| < 0. Equations (15)
imply that the final value of ∆ of Eq. (1) is given by [12]
∆out = −(|αas| − |βas|) |βas|+ nin (|αas| − |βas|)2 . (16)
From this equation it is clear that increasing nin necessar-
ily increases the value of ∆out, thereby establishing that
induced effects cannot give rise to nonseparable states.
However, Eq. (16) does not indicate what results when
increasing the value of |βas|. To reveal its effect, we use
|αas|2 − |βas|2 = 1, and rewrite ∆out as
∆out =
− |βas| (|βas|+ |αas|) + nin
(|βas|+ |αas|)2 . (17)
From this it can be verified that ∆out strictly de-
creases with increasing |βas|, and that ∆out < 0 when
(|βas|+ |αas|)2 > 2nin + 1. This will play a crucial role
in what follows because in a certain regime, we shall see
that |βas| exponentially increases in time, thereby giv-
ing rise to nonseparable states when the modulation of ω
lasts long enough.
III. NUMERICAL ANALYSIS
Here we apply the concepts described in Sec. II to a
specific type of temporal modulation, numerically solving
Eqs. (13) to find the behavior of the Bogoliubov coeffi-
cient |βas| and of the parameter ∆out.
A. Frequency modulation
We consider an extended coherent modulation of the
system that induces a corresponding modulation of ω2k
of Eq. (6). More precisely, ω2k is assumed to be constant
for negative times, then follows a sinusoidal oscillation of
duration ∆t, and settles on a constant final value for all
later times:
ω2k(t)/ω
2
0 =
 1 if t < 0,1 +A sinωpt if 0 < t < ∆t,1 +A sinωp∆t if ∆t < t. (18)
4This function is illustrated in Fig. 1. It defines three
dimensionless parameters that are all relevant in the fol-
lowing: the relative peak-to-peak5 amplitude A of the
frequency modulation, the number of oscillations N , and
a resonance parameter we call R. Explicitly, these are
defined by
N
.
= ωp∆t/2pi,
AR/4
.
= (2ω0 − ωp) /ωp. (19)
Notice that R combines in a particular way the amplitude
A and the detuning (2ω0 − ωp) /ωp: it describes the rel-
ative frequency gap from resonance, scaled by A so that
it depends on this distance as a fraction of the “width”
of the frequency modulation. Notice also that N is not
necessarily an integer.6
For convenience, in the rest of the paper, we shall use
Nt = ωpt/2pi as a dimensionless time parameter. Since
α and β are continuous in time, we can think of α(N)
and β(N) either as their final values after a modulation of
lengthN , or as their instantaneous values atNt = N dur-
ing a modulation of indeterminate length. These equiva-
lent points of view allow us to use the same notation for
N and Nt, and also for |βas(N)| and |β(t = ∆tN )|.
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FIG. 1. Here is plotted an example of the frequency modula-
tion of Eq. (18), square-rooted so as to give ω/ω0. The hor-
izontal axis represents N = ωpt/2pi. The amplitude A = 0.1
(which applies to the squared frequency, being replaced by
approximately A/2 when the square root is taken), and the
total number of oscillations N = 14.4.
5 Assuming A  1, the square root of the second line of Eq. (18)
gives ωk(t)/ω0 ≈ 1+(A/2) sinωpt, so that the relative amplitude
of the frequency modulation (as opposed to that of the squared
frequency) is A/2.
6 Recently, we became aware of Ref. [28], in which similar issues
are considered in the context of nonlinear optics in thin films of
material. They work at small |β|2, namely with the first term of
Eq. (A4), and in the limit A→ 0. In this regime, the resonance
occurs only at ωp = 2ω0. Instead of working, as here, with an
infinite homogeneous system over a finite time ∆t, they work
with a spatially finite system over an infinite time, and as a
result the role of our temporal parameter ∆t is played by the
side length of the film.
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FIG. 2. Here is plotted |β| as a function ofN for various values
of R, from top to bottom: 0 (blue), 0.5 (purple), 2 (yellow),
and 5 (green). For all plots, the modulation amplitude A =
0.1. After an initial linear growth for all curves, those with
R < 1 grow exponentially with N , while those with R >
1 rise and fall periodically, the amplitude and period being
approximately proportional to 1/R. We also note the small
rapid oscillations occurring on top of the long-time behavior.
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FIG. 3. Here is shown a logarithmic plot of |β| as a func-
tion of R for various values of N : 25 (blue solid), 50 (purple
dash), and 100 (yellow dotted). For all plots, the modulation
amplitude A = 0.1. We clearly see the emergence of a central
peak with increasing N , extending from R = −1 to R = 1.
For |R| > 1, the curves oscillate in a complicated way, as for
small values of |β| the small rapid oscillations become more
important. Because of these, |β| need not exactly vanish at
the completion of a cycle. The number of long-time oscilla-
tions increases in proportion to N , and their maxima trace
out an envelope corresponding to the 1/
√
R2 − 1 behavior of
their maxima.
B. Properties of |β|
To reveal the various effects of the parametric amplifi-
cation induced by Eq. (18), we first numerically study the
behavior of the norm of |β|, whose square gives the final
occupation number when working in the in vacuum. In
the body of the paper we provide only a qualitative de-
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FIG. 4. Here is shown a contour plot of ln |β| as a function of
N and R. As in Figs. 2 and 3, the modulation amplitude A =
0.1. The contour values are 5 (the maximum shown, at the
boundary between dark blue and white), 4, and decrease by
steps of 1. We clearly see, with increasing N , the emergence of
an exponentially growing resonant regime for |R| < 1 and an
oscillating nonresonant regime for |R| > 1. Note also that the
contours themselves are not exactly smooth, having jagged
edges due to the short-time oscillations of |β|.
scription, but the following observations are all explained
in the analytical study presented in Appendix A.
In Fig. 2, we represent |β| as a function of adimen-
sionalized time N , for various values of the parameter R.
Each of the curves is a superposition of a large long-time
variation, and a small short-time variation. The former
is by far the most significant contribution, and shall be
discussed below. The origin of the latter is provided in
Eq. (A4). We notice that, after an initial linear growth
whose rate is independent of R, the dependence of |β| on
N falls into one of two types, depending on the value of
R:
i. For |R| > 1, |β| eventually drops below the linear
curve, heading back towards zero and falling into a
periodic oscillation. This is the off-resonant regime.
ii. For |R| < 1, |β| eventually climbs above the linear
curve, tending towards exponential growth. This is
the resonant regime, and is due to stimulated ampli-
fication of formerly spontaneously created quanta.
We thus get a sense from Fig. 2 of the importance of
the parameter R. To investigate this further, in Fig. 3 we
represent |β| in logarithmic scale as a function of R for
various values of N . We observe a central peak around
R = 0 of increasing height and decreasing width, though
the width saturates with increasing N such that it ex-
tends from R = −1 to 1. This peak corresponds to the
resonant regime, and as the evolution of |β| becomes ex-
ponential for large N we find that the height of the peak
in log |β| varies linearly with N . For |R| > 1, we observe
oscillations with a fixed maximum value for each value of
R, such that the maxima trace out an envelope that is a
smooth function of R. This is the nonresonant regime,
where |β| never rises above a fixed maximum value.
For completeness, in Fig. 4 we combine the above fig-
ures in a contour plot, where the contours are lines of
constant |β| in the (N,R)-plane. One can clearly see the
emergence of the resonant peak for |R| < 1 with increas-
ing N , as well as the oscillatory behavior for |R| > 1.
C. Dependence on temperature and final
entanglement
We now include the effects of a nonzero initial tem-
perature – or, equivalently, a non-zero initial occupation
number – on both the final occupation number nout and
the separability parameter ∆out. Through Eqs. (15)-(17),
the latter quantities are directly related to the initial oc-
cupation number, which is in turn related to the initial
temperature via the Planck distribution
nth(ω/T ) =
1
eω/T − 1 . (20)
In Fig. 5, nout and ∆out are plotted as functions of nin and
T/ω0 for a system exactly at resonance (R = 0) and for
various values of N . We observe that nout increases both
with initial temperature and with N , while ∆ – which
is sensitive to the division of nout into spontaneous and
stimulated contributions – increases with initial temper-
ature but decreases with N . This is in accordance with
Eq. (17) since |β| increases with the duration N .
In Fig. 6, we represent the nonseparability threshold
in the (N,T )-plane – that is, the locus where ∆ = 0 –
for various values of R. Notice that ∆ is positive to the
right of the curves since it always increases with nin. In
the case of resonance (|R| < 1), we observe that whatever
the initial temperature, ∆ becomes negative and the state
becomes nonseparable for N larger than some value. By
contrast, in the nonresonant case (|R| > 1), there exists
a temperature above which the state is separable for all
values of N . This critical temperature depends on R and
is generically lower than ω0. The analytic treatment of
Appendix A gives Tmax ∼ ω0/ ln(R).
To conclude this section, we consider the experiment
of Ref. [20], the results of which triggered the present
analysis. From the data, we estimate that the duration
N ∼ 50, and that the peak-to-peak amplitude A ∼ 0.1.
(In fact, this is only an upper bound on A. It is actually
the frequency of the trapping potential that is modulated
with this amplitude, and estimating the corresponding
amplitude for the mode frequencies is rather nontrivial.)
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FIG. 5. Here are plotted, for exact resonance R = 0, the final occupation number nout (left figure) and ∆ (right figure) as
functions of the initial occupation number nin (and the initial temperature in units of the mean frequency ω0) for various values
of N : 5 (blue solid), 15 (dashed purple), and 25 (dotted yellow). It is clear that both nout and ∆ increase with temperature in
an approximately linear fashion. However, whereas increasing N raises both the intercept and slope of the nout-curves, it has
the opposite effect on the ∆-curves, yielding a nonseparable state over a progressively wider range of initial temperatures.
We have not been able to determine with precision the
appropriate value for R. In principle, if one works exactly
at the resonance R = 0, the phonon state would be non-
separable for nin . 1200. Instead, when working with
R = 1, nonseparability would occur only for nin . 40.
These findings seem to overestimate the observed inten-
sity of the correlations. A possible explanation for this is
the neglect of weak dissipative effects. To study this pos-
sibility, in Sec. IV we include weak dissipation while the
system is being modulated. We shall see that weak dissi-
pation is sufficient to ruin the nonseparability reached by
the system in the absence of dissipation, thereby possibly
explaining what was reported in Ref. [20].
IV. WEAK DISSIPATION
In this section, we introduce a weak dissipative rate Γ
– where “weak” means Γ/ω0  1 – and study its effects
on quasiparticle creation and entanglement.
A. Dissipation model
In the presence of dissipation, the notion of Bogoliubov
coefficients is no longer well defined, as the system is
coupled to some environment. As a result, the state of the
system can no longer be characterized by α(t) and β(t) as
in the non-dissipative case. Instead, the mean occupation
number n and the correlation c can still be defined for all
times when dissipation is weak enough [12, 17]. In this
regime, the separability parameter ∆ remains related to
these by Eq. (1).
Our model of dissipation is phenomenological and
based on the results of Refs. [12, 17]. Its details and
the derivation of the equations of motion are given in
Appendix B. There it is found that, assuming the envi-
ronment to be incoherent, n and c evolve according to
the following first order coupled equations:
(∂t + 2Γ)n = 2Γneq +
u˙
v
<
[
e−2i
∫
ωdtc
]
,
(∂t + 2Γ)c =
u˙
v
e2i
∫
ωdt(1 + 2n).
(21)
Here, neq(t) = neq(ωk(t)), where neq(ω) is the mean oc-
cupation number at frequency ω when the system reaches
equilibrium in the limit t → ∞. It is determined by
the state of the environment, and is typically given by
neq(ω) = nth(ω/T ), for given temperature T and where
nth(ω/T ) is the thermal distribution of Eq. (20).
We work in a regime where the relative modulation of
the mode frequency is small, and where it is not too far
from resonance; in the Appendixes, we shall see that this
regime corresponds to A  1, AR/4  1. Thus we can
approximate u˙v e
−2i ∫ ωdt ∼ A4 ωpe−iARωpt/4, and if we also
average over the rapid oscillations so that these can be
neglected, Eqs. (21) become
(∂t + 2Γ)n = 2Γneq +
A
4
ωp<
[
e−iARωpt/4c
]
,
(∂t + 2Γ)c =
ωpA
8
eiARωpt/4(1 + 2n).
(22)
Neglecting the time dependence of neq and working at
exact resonance R = 0, it can be derived from Eqs. (22)
that, for Γ/ω0 > A/4, n grows and saturates at
nmax =
32Γ2neq +A
2ω20
32Γ2 − 2A2ω20
. (23)
On the other hand, for Γ/ω0 < A/4, n grows exponen-
tially, albeit at a slower rate due to dissipation. In both
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FIG. 6. Plotted here are loci of the separability threshold
∆ = 0 in the (Tin, N)-plane for various values of R, from right
to left: 0 (blue), 0.99 (purple), 2 (yellow), and 5 (green). As
for previous plots, we work with A = 0.1. Note once again
the splitting of the large-N behavior into resonant (|R| < 1)
and nonresonant (|R| > 1) regimes. For R < 1, the curves
are seen to extend indefinitely towards higher values of nin,
meaning that it is possible, for any initial temperature, to
reach a nonseparable state if N is made large enough. On the
other hand, for R > 1, the curves reach some maximum value
of nin and then turn around, so the state can only be made
nonseparable for temperatures below some maximum value,
and even then the system will oscillate between separable and
nonseparable states. Again we notice the lack of smoothness
of the curves due to the short-time oscillations of |β|.
these cases, ∆ decays exponentially towards the limiting
value
∆min =
8Γneq −Aω0
8Γ + 2Aω0
. (24)
Thus, the state eventually becomes nonseparable if
2neqΓ/ω0 < A/4. Note that this condition for nonsep-
arability is independent of the condition for exponential
growth of n. More precisely, if neq < 1/2, there exists a
regime where n saturates and the final state is nonsepara-
ble, whereas if neq > 1/2, there exists a regime in which
the final state is separable and n grows exponentially.
B. Numerical analysis
For the results presented here, we take for initial
and equilibrium values of n the thermal distribution of
Eq. (20) and for equation of motion Eq. (21). In Fig. 7
we represent, for various dissipative rates Γ/ω0, the time
evolution of n and ∆ at exact resonance R = 0 and with
a temperature for the environment T = ω0. We observe
that the mean occupation number decreases with Γ/ω0,
the deviation becoming larger with increasing N ; and
that, for large enough dissipative rates, n is seen to sat-
urate at large N . Correspondingly, the coherence is re-
duced (i.e., ∆ increases), and for large enough Γ/ω0 the
limiting value of ∆ is positive so that the state never
becomes nonseparable. As an example, with the num-
bers of Ref. [20], namely for Tin/ω0 = 1 and N = 50,
a weak dissipation of Γ/ω0 = 2% is almost sufficient to
ruin the nonseparability which is found in the absence of
dissipation. To be more explicit, in the absence of dissi-
pation, ∆ = −0.4995, while for Γ/ω0 = 2%, ∆ = −0.018.
Nonseparability is lost for Γ/ω0 ∼ 2.1%.
Slightly off resonance, with 0 < |R| < 1, the differences
with respect to the resonant case are similar to those of
the non dissipative case. See Fig. 3 for the behavior of the
mean occupation number nout = |β|2 and Fig. 6 for the
behavior of the separability parameter ∆ for 0 < |R| < 1
in the absence of dissipation. As can be seen there, nout
falls with R and ∆ increases with R.
In the nonresonant case, with R > 1, dissipation is
observed to dampen the oscillations in n and ∆, both
of which approach limiting values that (respectively) de-
crease and increase with increasing Γ/ω0; see Fig. 8. It
is even possible to reach an overdamped regime where
no oscillations occur. As in the absence of dissipation,
on top of this long range behavior some small and rapid
oscillations of frequency near 2ωp occur. These do not
decay when the system reaches a near-equilibrium state,
as can be verified by considering the near-stationary so-
lution of Eqs. (22) when the rapid oscillations are taken
into account.
We conclude this section by applying our results to
the experiment described in Ref. [8]. We find that the
relevant parameters are neq = 0.0056, A ≈ 0.048 and
Γ/ω0 > 0.009. (We can only give a lower bound for
Γ/ω0 because it is acknowledged that there is additional
source of dissipation – probably two-photon dissipation
– that is not accounted for.) Assuming the experiment
is performed very close to resonance, we take R = 0, so
Eqs. (23) and (24) are applicable. Since A/8neq ≈ 1 >
Γ/ω0, we conclude that −1/4 ≤ ∆ < 0 and the state
is nonseparable. This is in agreement with the results
of Ref. [8] which reports ∆ =
(
2−0.32 − 1) /2 ≈ −0.1.
The behavior of n, however, is more difficult to ascertain
since A/4 is slightly above the lower bound of Γ/ω0. We
expect that the additional dissipative effects will take
Γ/ω0 above A/4, so that n should saturate.
V. CONCLUSIONS
We have considered the spectrum of quasiparticles and
their degree of entanglement due to a sinusoidal modula-
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FIG. 7. Here are plotted, at exact resonance R = 0 and for an initial thermal bath with Tin = ω0, the mean occupation
number (left figure) and the separability parameter ∆ (right figure) immediately after the end of the frequency modulation.
The amplitude is as before taken to be A = 0.1. The various curves correspond to different dissipative rates Γ/ω0 (from larger
to smaller n and from lower to higher ∆): 0 (blue), 0.01 (purple), 0.02 (yellow) and 0.03 (green). The rate of increase of n
is seen to be reduced by larger dissipation rates; but, in accordance with the prediction of Sec. IV, it approaches exponential
growth for Γ/ω0 < A/4 = 0.025 and saturates for Γ/ω0 > 0.025. Similarly, ∆ approaches a limiting value which increases with
the dissipation rate, and as predicted in Sec. IV the final state is nonseparable only when Γ/ω0 < A/8neq ≈ 0.021.
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FIG. 8. Here are shown, at R = 2 and for an initial thermal bath with T = ω0, the mean occupation number (left figure)
and separability parameter ∆ (right figure) immediately after the end of the frequency modulation. As before, the amplitude
A = 0.1. The various curves correspond to different values of the dissipative rate Γ/ω0, from larger to smaller first oscillation:
0 (blue), 0.01 (purple), 0.02 (yellow) and 0.03 (green). We note a smoothing out of the oscillations with increasing dissipative
rate, and eventually their disappearance, as in overdamped systems. n and ∆ are seen to approach limiting values, which
(respectively) decrease and slightly increase with increasing Γ/ω0.
tion of the (squared) frequency in a homogeneous quan-
tum system. For definiteness, the system under consid-
eration was taken to be an atomic Bose-Einstein con-
densate. The modulation was found to be describable
by three parameters: its length, its amplitude, and the
detuning of its frequency from resonance (at twice the
mean mode frequency). The final amount of spontaneous
creation, described by the magnitude of the Bogoliubov
coefficient |β|, is found to have a complicated dependence
on these three parameters, with the behavior of the sep-
arability parameter ∆out following suit via Eq. (17).
A key observation, in accordance with similar results
seen in Ref. [4], is the existence of a finite width of “res-
onant” frequencies. Averaging out the small rapid oscil-
lations that are superimposed on a large long-time be-
havior, the spontaneous contribution to resonant quasi-
particle modes grows exponentially with the duration of
the modulation, and for any initial temperature, the final
state can be made nonseparable if the modulation lasts
long enough. For off-resonant modes, however, the spon-
taneous contribution rises and falls periodically, never
reaching above some maximum value. At the level of
entanglement, this has the effect that, for off-resonant
modes, there is a temperature above which the final state
is always separable, no matter the length of the modula-
tion.
Finally, we evaluated the consequences of weakly dissi-
pative effects. We demonstrated that the nonseparability
of the final state can be significantly reduced and even
destroyed when these are taken into account. It is thus
9clear that weak dissipation could play an important role
in the experimental attempts to establish nonseparabil-
ity of the final state. These considerations have been
illustrated by considering two recent experiments.
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Appendix A: Analytical properties of |β|
As can be seen from Figs 2 and 3, the dependence of
|β| on the parameters N , A and R is rather complicated.
Yet, the essential features can be obtained analytically,
as we now show.
To simplify the following equations, we use the adi-
mensional time τ and the detuning parameter r given
by
τ
.
= ωpt, r
.
=
2ω0 − ωp
ωp
= AR/4. (A1)
We also assume that A  1, so the relative modulation
of ω is small. Then Eqs. (13) simplify and become
∂τα ≈ A
8
[
eirτ + ei(2−r)τ
]
β, (A2a)
∂τβ ≈ A
8
[
e−irτ + e−i(2−r)τ
]
α. (A2b)
To solve these equations, two cases will be separately
considered: in the first, the modulation is nonresonant
so β  1 for all times; in the second, the modulation is
close to resonant so AR/4 = r  1.
1. Non-resonant case
When β is very small, unitarity |α|2 = 1 + |β|2 implies
that |α| remains close to 1. Equation (A2a) then guar-
antees that the phase of α is slowly varying in time, so
∂t(β/α) ∼ ∂t(β)/α. Since we seek only the magnitude
|β|, we shall not consider this phase. We thus have
∂τβ ≈ A
8
[
e−irτ + e−i(2−r)τ
]
. (A3)
This is trivially solved by
β(t) ≈ −A
8
[
e−iτr − 1
r
+
e−iτ(2+r) − 1
2 + r
]
. (A4)
This equation correctly describes two effects that are vis-
ible in Figs. 2 and 3: The first term describes long-time
variations of large magnitude, while the second describes
short-time variations of small magnitude.
2. Close to resonance
We now suppose that we are close to resonance so
r  1. In such a case, a rotating wave approximation
can be performed so that we neglect terms oscillating
with frequency 2ω0 +ωp. Under such circumstances, the
Bogoliubov coefficients are solutions of
∂τα ≈ A
8
eirτβ,
∂τβ ≈ A
8
e−irτα.
(A5)
Imposing the initial conditions α = 1 and β = 0 at t = 0,
the exact solutions of these equations are
α(t) ∼ ei r2 τ
[
cosh
[
A
8
√
1−R2τ
]
− iR sinh
[
A
8
√
1−R2τ]√
1−R2
]
,
(A6a)
β(t) ∼ e−i r2 τ sinh
[
A
8
√
1−R2τ]√
1−R2 . (A6b)
Several comments should be made. First, for low values
of τ = ωpt, we have |β| ∝ Aτ . This explains the fact that
all curves of Fig. 2 are initially linear with a growth rate
that is independent of R.
Second, Eqs. (A6) reveal the crucial role played by R,
which did not appear in Eqs. (A2a). The value of R
delineates the two behaviors that we observed, and char-
acterizes the transition from one to the other occurring
at |R| = 1. When |R| > 1, the square root is imagi-
nary and β oscillates in time, with a maximum given by
|β|max ∼ 1/
√
R2 − 1. This is the off-resonant behavior.
In addition, the fact that |β|max depends only on R ex-
plains the envelope traced out with increasingN in Fig. 3.
In contrast, when |R| < 1, β grows exponentially, as can
be clearly seen in the low-R curves of Fig. 2. This is the
resonant regime, and the fact that it occurs over a finite
range of R explains the finite width of the growing part
of the spectrum seen in Figs. 3 and 4. Indeed, at large
times, we find ln |β| ∼ (piNA/4)√1−R2−ln(2√1−R2).
The critical case is |R| = 1. In this case, under the as-
sumptions we used, β grows linearly in time.
Third, in the limit R  1, r = AR/4  1, Eq. (A6b)
gives
|β| ∼ sin [rτ/2]
R
, (A7)
which corresponds to the first term of Eq. (A4). There is
thus a perfect compatibility of the two descriptions in this
intermediate range 1 R 4/A where they overlap.
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Finally, we can substitute the expressions of Eq. (A6)
into the right-hand side of Eqs. (A2), yielding improved
solutions that are relevant close to resonance and include
the rapidly oscillating terms. In fact, iterating this oper-
ation gives a perturbative expansion for the solutions of
Eqs. (A2), of which Eqs. (A6) are the lowest-order terms.
Appendix B: Model of weak dissipation
We adopt a simple effective approach to dissipation,
inspired by the results of Refs. [12, 17] in which it was
incorporated using Hamiltonian models that respect uni-
tarity. In these references, only single sudden changes
were considered, and it was found that the Bogoliubov
coefficients – which can be locally defined in the vicinity
of the change when dissipation is weak enough – respond
to the sudden change as if dissipation were not present.
In fact, the main effect of weak dissipation observed was
the expected exponential damping of the system towards
an equilibrium state.
These observations are here implemented by consider-
ing a series of infinitesimal double steps of duration dt.
In each double step, the system evolves according to two
processes:
i. a non-dissipative modulation linking [n(t), c(t)] to an
intermediate [n˜(t), c˜(t)] by an infinitesimal Bogoli-
ubov transformation δS, which can be derived from
the local behavior of α(t) and β(t) in the absence of
dissipation;
ii. an exponential damping due to dissipation which car-
ries [n˜(t), c˜(t)] to [n(t+ dt), c(t+ dt)].
The non-dissipative modulation over dt gives rise to a
small change in the quantum amplitude operators as in
Eq. (9):
bˆk(t+ dt) = δα bˆk(t) + (δβ)
∗
bˆ†−k(t), (B1)
where δα − 1 and δβ are proportional to dt. As de-
scribed above, this is the same infinitesimal transfor-
mation that acts locally in the absence of dissipation,
so if S(t) is the finite Bogoliubov transformation re-
lating the instantaneous amplitude operators bˆk(t) and
bˆ†−k(t) to bˆ
in
k and
(
bˆin−k
)†
in the non-dissipative case, then
δS = S(t + dt)S−1(t). In terms of α(t) and β(t), this is
equivalent to
δα = α(t+ dt)α∗(t)− β(t+ dt)∗β(t)
∼ 1 + (α˙α∗ − β˙∗β)dt,
δβ = β(t+ dt)α(t)∗ − α(t+ dt)∗β(t)
∼ (β˙α∗ − α˙∗β)dt.
(B2)
Moreover, unitarity requires that |δα|2−|δβ|2 = 1, so the
difference |δα|2−1 is second-order in dt. Thus we are led
to the following equations for the resulting changes in n
and c, see Eq. (15):
n˜(t) = |δβ|2 +
(
|δβ|2 + |δα|2
)
n(t) + 2< (δαδβc(t))
∼ n(t) + 2< [δβc(t)] ,
c˜(t) = δαδβ∗ + 2δαδβ∗n(t) + δα2c(t) + (δβ∗)2 c∗(t)
∼ δβ∗[1 + 2n(t)] + δα2c(t).
(B3)
In the second part of the double step, we account for the
process of weak dissipation, which is described by
n(t+ dt) = neq(t) + [n˜(t)− neq(t)]e−2Γdt
∼ n˜(t)− 2Γ[n˜(t)− neq(t)]dt,
c(t+ dt) = c˜(t)e−2Γdt
∼ c˜(t)− 2Γc˜(t)dt,
(B4)
where neq(t) = neq(ωk(t)) is the mean occupation num-
ber when the system is in equilibrium, typically the ther-
mal distribution of Eq. (20). When coupled to such in-
coherent states, the equilibrium value of the coherence
parameter ceq vanishes, as is assumed in Eqs. (B4).
To first order in dt, Eqs. (B2)-(B4) combine to give
(∂t + 2Γ)n = 2Γneq + 2< [(α∗∂tβ − β∂tα∗)c] ,
(∂t + 2Γ)c = (α∂tβ
∗ − β∗∂tα)(1 + 2n)
+ 2(α∗∂tα− β∂tβ∗)c.
(B5)
These are equivalent to Eqs. (21) when the non-
dissipative equations for α(t) and β(t), Eqs. (13), are
substituted in Eqs. (B5), and the unitarity condition
|α|2 − |β|2 = 1 is used. One can check that in the limit
Γ → 0, Eqs. (15) satisfy the above equations. One can
also check that, when there is no modulation or after
the modulation has ended – i.e., when α, β and neq are
constant in time – Eqs. (B5) imply that n and c decay
exponentially toward their equilibrium values neq and 0.
Furthermore, Eqs. (B5) yield the following simple
equation for the evolution of the effective number n¯ =
n(n+ 1)− |c|2 that fixes the value of the entropy [14]:
∂tn¯ = 2Γ
[
2 |c|2 + (1 + 2n)(neq − n)
]
. (B6)
The evolution of n¯(t) determined by this equation gov-
erns the entropy exchanges between the system and its
environment.
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